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This work is concerned with the linearized theory of water waves applied to the motion
of a floating structure that restricts in some way the motion of a portion of the free
surface (an example of such a structure is a floating torus). When a structure of
this type is held fixed in incident monochromatic waves, or forced to move time
harmonically with a prescribed velocity, the amplitude of the fluid motion will have
local maxima at certain frequencies of the forcing. These resonances correspond
to poles of the scattering and radiation potentials when extended to the complex
frequency domain. It is shown in this work that, in general, the positions of these
poles in the scattering and radiation potentials will not coincide with the positions of
the poles that appear in the velocity potential for the coupled problem obtained when
the structure is free to move. The poles of the potential for the coupled problem are
associated with the solution for the structural velocities of the equation of motion.
When physical quantities such as the amplitude of the fluid motion are examined as a
function of (real) frequency, there will in general be a shift in the resonant frequencies
in going from the radiation and scattering problems to the coupled problem. The
magnitude of this shift depends on the geometry of the structure and how it is moored.
1. Introduction
Resonant motions are often observed when water waves interact with an offshore
structure and this paper is concerned with two particular types of resonant motion
that appear within the linearized theory. The first of these motions is called here
a ‘sloshing resonance’ and is associated with structures that restrict the motion of
a portion of the free surface. Examples of structural geometries of this type are a
half-immersed circular torus (Newman 1977), an array of vertical cylinders (Evans &
Porter 1997), and a submerged horizontal circular disk (Martin & Farina 1997). An
incident monochromatic wave will excite fluid motions around the fixed structure and
in this scattering problem a graph of the magnitude of the hydrodynamic force on
the structure as a function of wave frequency will display local maxima at particular
frequencies. Sloshing resonances may also be observed in the radiation problem when
such structures are forced to oscillate and characteristic rapid changes are observed
in the added mass and damping coefficients near a resonant frequency (in particular,
the phenomenon of negative added mass may be observed). Throughout this paper
the term ‘sloshing resonance’ will be reserved to describe a resonance displayed by a
scattering or radiation potential.
When a frequency-domain potential is regarded as a function of complex frequency,
a resonance corresponds to a pole in the complex-frequency domain that lies close
to the real frequency axis. The position of the pole in the complex-frequency
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domain characterizes the resonance. The real part of the pole position gives the
resonant frequency and the imaginary part determines the degree of damping in the
corresponding fluid motion; the farther the pole is from the real frequency axis,
the greater the damping. Such poles are often referred to as complex resonances, or
scattering frequencies, and their relation to the behaviour of hydrodynamic coefficients
has been investigated by a number of authors (e.g. Linton & Evans 1992; Hazard &
Lenoir 1993; Evans & Porter 1997; Martin & Farina 1997).
For certain special geometries a pole corresponding to a sloshing resonance may
be located on the real axis in the complex-frequency domain. Such geometries are
so-called ‘trapping structures’ and at the resonant frequency the fixed structure can
support a trapped mode which is a free oscillation of the fluid that has finite energy.
McIver (1996b) constructed the first structure of this type, and since then many others
have been discovered in both the two- and three-dimensional water-wave problems.
The consequences of the existence of trapped modes for hydrodynamic coefficients
have been studied by Newman (1999) and McIver (2003).
The second type of resonant motion of concern here is associated with the free
motion of a structure in water and will be called a ‘motion resonance’. (Here the
term ‘free motion’ is used to mean that the structure is able to respond to the
forces generated by the fluid motion and includes the case of motion excited by
incident waves. This contrasts with the scattering and radiation problems in which
the structure is either held fixed or forced to move in a prescribed fashion.) A motion
resonance may arise when the equations of motion for the structure contain one or
more terms that describe spring effects due to moorings or, in the case of the vertical
motion of a surface-piercing structure, due to the hydrostatic restoring force. Such
resonances are well known to offshore engineers and are discussed in many textbooks
(e.g. Faltinsen 1990, p. 68). When the frequency-domain velocity of the structure is
regarded as a function of complex frequency, such resonances are associated with
poles of the velocity (and hence of the velocity potential for the fluid motion) that
again lie close to the real frequency axis. There is no restriction on the structural
geometry for it to display a motion resonance.
The subject of this work is the free motion of a structure that displays a sloshing
resonance in the scattering and/or one or more of the radiation problems, and is
moored and/or surface piercing so that both types of resonance discussed above are
present. The theoretical description of the situation requires the solution of a coupled
problem involving the motions of both the structure and the fluid. In the usual
formulation (see, for example, Linton & McIver 2001, § 1.3), the frequency-domain
scattering and radiation potentials are introduced and the fluid velocity potential in
the coupled problem is written as a linear combination of these potentials. For each
structural mode of motion the corresponding radiation potential in this combination
is multiplied by the velocity of the structure in that mode. As noted above, the
poles associated with sloshing resonances will in general appear in the scattering and
radiation potentials and those associated with motion resonances in the velocities. It
might therefore be assumed that the fluid motion in the coupled problem displays
both sets of complex resonances. It will be shown here that this is not the case.
In general a sloshing resonance appearing in the scattering and radiation potentials
will be annulled, and hence in the neighbourhood of the sloshing resonant frequency
the motion is dominated by any nearby motion resonance. When going from the
scattering and radiation problems to the coupled problem, there will appear to be a
shift in a resonant frequency and the magnitude of this shift will depend upon the
geometry of the structure and how it is moored.
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For simplicity of exposition, details will be given for the case of a structure that
is able to move in translational modes only. However, the main argument given to
support the annulment of sloshing resonances (in § 7.1) applies equally well to the
case of a structure that is able to respond to the fluid motion in all translational
and rotational modes of motion. There are exceptional cases; for example, a sloshing
resonance associated only with a particular mode of motion will be preserved in
the solution to the coupled problem if the structure is unable to move in the mode
corresponding to that resonance.
The cancellation of sloshing resonances is not entirely surprising as different
solution operators are associated with, on the one hand, the scattering and radiation
problems and, on the other hand, with the coupled-motion problem for the fluid and
structure. In general, different solution operators will have different pole structures.
However, the elimination of the sloshing resonances in coupled problems does not
appear to have been demonstrated explicitly before, or the situations under which it
will, or will not, occur discussed. This is the purpose of the present work.
The plan of the paper is as follows. In § 2 the initial-value problem for a coupled
fluid–structure problem is stated and in § 3 the link with the frequency domain is
described and, in particular, it is indicated how poles in frequency-domain quantities
are related to the long-time asymptotics of the motions. The full formulation of
the frequency-domain problem is given in § 4. Sloshing and motion resonances are
described in detail in § 5 and, in particular, numerical results are given to illustrate
the effects of sloshing resonances in both the frequency and time domains. The next
two sections of the paper show how, in the coupled problem, the sloshing resonances
will be annulled so that only motion resonances are usually displayed (exceptions
occur when a structure is constrained to move only in certain modes). Motion in the
absence of incident waves is discussed in § 6 and motion excited by incident waves
in § 7. Finally, in § 8 the main results are summarized and discussed and numerical
results are given to illustrate the annulment of sloshing resonances.
2. The initial-value problem
An inviscid and incompressible fluid with a free surface is contained within a
horizontal layer of depth h that is bounded below by a rigid bed and extends to infinity
in all horizontal directions. Cartesian coordinates (x, y, z) are chosen with z measured
vertically upwards and the origin in the mean free surface. The fluid layer contains
a structure that, for simplicity of exposition, is constrained to move only in the two
translational modes corresponding to the x- and z-directions. A displacement in mode
µ is denoted by xµ(t), µ=0, 1, where µ=0 corresponds to the heave (z) direction,
µ=1 to the surge (x) direction, and t is time. (This unconventional mode indexing is
used to unify the notation used here in the two- and three-dimensional problems.) The
wetted surface of the structure is denoted by Γ , a normal coordinate to Γ directed
out of the fluid is denoted by n, and nµ is the µ component of the unit normal to Γ .
The fluid motion is assumed to be irrotational so that it may be described by a
velocity potential Φ(x, z, t), x =(x, y), that satisfies
∇2Φ = 0 (1)
within the fluid, the bed condition
∂Φ
∂z
= 0 on z = −h, (2)
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the linearized free-surface condition
∂2Φ
∂t2
= −g ∂Φ
∂z
on z = 0, (3)
where g is the acceleration due to gravity,
∂Φ
∂n
=
∑
µ
x˙µ(t) nµ on Γ, (4)
and for all time
∇Φ → 0 as |x| → ∞. (5)
The motion is subject to the initial conditions
Φ(x, 0, 0) = P1(x),
∂Φ
∂t
(x, 0, 0) = P2(x), (6)
where P1(x) and P2(x) correspond to a prescribed incident wave. It is assumed that
this incident wave is initially localized within a region away from the structure so
that at t =0 the fluid adjacent to the structure is at rest.
The structure is moored by an arrangement of linear springs and dampers so that
the equation of motion of the structure for displacements in direction µ is
Mx¨µ(t) = −ρ
∫∫
Γ
∂Φ
∂t
(x, z, t)nµ dS −
∑
ν
[cµνxν(t) + γµνx˙ν(t)] + Fµ(t) (7)
where
cµν = ρgWδ0µδ0ν + kµν. (8)
The constants kµν and γµν describe the characteristics of respectively the springs and
dampers in the moorings. The first term in the expression for cµν corresponds to
the hydrostatic restoring force and W is the waterplane area of the structure (the
Kronecker deltas appear because there is no such force for horizontal motions). By
Archimedes’ principle the mass M of the structure is the fluid density ρ times the
submerged volume of the structure. The first term on the right-hand side of (7) is the
hydrodynamic force arising from the fluid motion, and Fµ(t) is an applied force. In
addition, for each µ the initial displacement xµ(0) and velocity x˙µ(0) of the structure
must be prescribed.
3. Long-time asymptotics and complex resonances
Information about the initial-value problem described in § 2 may be obtained
using a Fourier transform in time. The transforms of the potential Φ(x, z, t) and
displacement xµ(t) are respectively
φ(x, z, ω) =
∫ ∞
0
Φ(x, z, t)eiωt dt (9)
and
ξµ(ω) =
∫ ∞
0
xµ(t)e
iωt dt (10)
and the inversion formula for the potential is
Φ(x, z, t) =
1
π
Re
∫ ∞
0
 φ(x, z, ω)e−iωt dω. (11)
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The present work is concerned with complex resonances that correspond to poles of
the frequency-domain potential φ(x, z, ω) in the complex-ω-plane (causality requires
that there can be no such poles in Imω > 0). In the case of a pole on the real-ω-axis
the path of integration in (11) must pass above the pole (see McIver, McIver & Zhang
2003, § 3).
A simple pole of φ at ω=ωr − i, with ωr > 0 and   0, gives
φ(x, z, ω) ∼ ψ(x, z)
ω − (ωr − i) as ω → ωr − i, (12)
and it then follows from (11) that, for a fixed point in space, as t → ∞ the contribution
from this pole gives
Φ(x, z, t) ∼ −2Re{iψ(x, z)e−iωrt}e−t (13)
(see Maskell & Ursell 1970). In general this is a damped oscillation of the fluid, but
for  =0 the oscillation persists for all time and this is known as a trapped mode.
Each simple pole of φ will contribute a similar term to the large-time asymptotics of
Φ and a corresponding result holds for the displacement of the structure. Although
they will not be considered here, higher-order poles may occur (for example, the
frequency-domain potential for the forced oscillations of a trapping structure has a
double pole when the forcing frequency corresponds to the trapped-mode frequency;
see McIver et al. 2003).
For a floating structure on deep water, in both two and three dimensions, the decay
of a vertical motion is ultimately algebraic (Kotik & Lurye 1964; Ursell 1964) and
not a damped oscillation of the form given by (13). (In two dimensions the decay is
like t−2 and in three dimensions like t−4.) For the two-dimensional problem, Ursell
(1964) shows how the algebraic decay arises from a logarithmic branch point in the
velocity potential at the origin in the complex-frequency domain. In practice, when
such algebraic decay does occur it is likely that it will be discernible only after a very
long time when the motion is very small (Kotik & Lurye 1968; Maskell & Ursell 1970).
The function ψ(x, z) that appears in (12) and (13) is an eigenfunction of the
homogeneous problem in the complex frequency domain (see § 7.1 below) and will,
in general, grow as |x| → ∞ (Hazard & Lenoir 1993, § 4.3). However, at any particular
time, the fluid motion in the time-domain problem decays to zero as |x| → ∞.
Consequently, at large distances from the structure the asymptotic behaviour described
by (13) will become apparent only after a time that is sufficiently long for the decay in
time to offset the growth of the eigenfunction. An explicit approximation to a potential
that displays a complex resonance is given by Newman (1974) who considered the
two-dimensional problem of wave scattering by two closely spaced vertical barriers.
Sufficiently far from the gap between the barriers, the effect of the gap is approximated
by a potential m(ω)G(x, z, ω), where G is a standard frequency-domain wave source
(Green’s function) and m has a pole at a complex frequency ωe, say, with Imωe < 0.
In this case the eigenfunction
ψ(x, z) ≈ me G(x, z, ωe) (14)
where me is the residue of m(ω) at ω=ωe. As |x| → ∞,G behaves as an outgoing
wave which for a complex frequency ωe grows with increasing |x|. In general, for
water of constant depth h, a two-dimensional eigenfunction will have the form
ψ(x, z) =
∞∑
m=0
Ame
−km|x| cos km(y + h) (15)
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for sufficiently large |x|. Here each km is a solution of
km tan kmh = −ω2e/g (16)
and (Hazard & Lenoir 1993, §B.5)
Re k0 < 0, Im k0 < 0 and Re km > 0, Im km > 0 for m  1, (17)
so that only the first term in (15) grows with increasing |x|. The rate of growth of the
eigenfunction depends on the distance of the pole from the axis through the solution
of (16).
4. The equations of motion
The frequency-domain potential φ is conventionally decomposed as (see, for
example, Linton & McIver 2001, § 1.3)
φ(x, z, ω) = φS(x, z, ω) +
∑
µ
vµ(ω)φµ(x, z, ω), (18)
where the scattering potential φS satisfies
∂φS
∂n
= 0 on Γ, (19)
each radiation potential φµ satisfies
∂φµ
∂n
= nµ on Γ, (20)
and, from the Fourier transform of (4),
vµ(ω) = −iωξµ(ω) − xµ(0). (21)
Fourier transformation of the equation of motion (7) shows that these frequency-
domain velocities satisfy∑
ν
{cµν − iωγµν}vν(ω) − ω2Mvµ(ω)
= ω2ρ
∫∫
Γ
φnµ dS − iω[fµ(ω) + Mx˙µ(0)] −
∑
ν
cµνxν(0), µ = 0, 1, (22)
or, after the introduction of the decomposition (18),∑
ν
{cµν − ω2[qµν(ω) + iγµν/ω]}vν(ω) − ω2Mvµ(ω)
= −iω[Xµ(ω) + fµ(ω) + Mx˙µ(0)] −
∑
ν
cµνxν(0), µ = 0, 1. (23)
Here
Xµ(ω) = iωρ
∫∫
Γ
φS(x, z, ω)nµ dS (24)
is the exciting force in direction µ corresponding to φS, f (ω) is the Fourier transform
of F (t), and the complex force coefficient
qµν(ω) = ρ
∫∫
Γ
φν(x, z, ω)nµ dS. (25)
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For real ω,
qµν(ω) = aµν(ω) +
ibµν(ω)
ω
(26)
where aµν and bµν are respectively the real-valued added mass and damping
coefficients.
The potential φ and the displacement ξµ can be defined in the upper half of the
complex-ω-plane through the Fourier transforms in (9) and (10) and, moreover, they
will be analytic functions throughout Imω > 0. In general the asymptotic behaviours
of Φ and xµ for large time will prevent the definition of φ and ξµ throughout the
lower half-plane using (9) and (10). However, analytic continuation into the lower
half-plane is possible in a neighbourhood W of any segment of the real axis that is
free of singularities. The definitions (24) and (25) also allow the exciting force Xµ and
complex force coefficient qµν to be defined as analytic functions of ω throughout W,
and the uniqueness principle of complex-variable theory then implies that equations
(22) and (23) also hold in W.
5. Sloshing and motion resonances
Two types of complex resonance are discussed in this paper. The first, called here
a sloshing resonance, is associated with a pole of the radiation potential φµ and/or
the scattering potential φS. When the incident wave is extracted, the boundary-value
problem for the scattering potential φS differs from that for φµ only by the data
specified on Γ , the solution operators are identical and as consequence the two
potentials will have closely related pole structures. However, it is possible to have a
pole in φS and no corresponding pole in a φµ, and vice versa. The relation between
the two pole structures is discussed further in § 7. Here it will be assumed that all
poles in φS and φµ are simple poles. As far as the author is aware, there is no evidence
for the existence of higher-order poles in these potentials, although it cannot be ruled
out.
If there is a simple pole in the radiation potential at ω=ωe ≡ ωr − i, so that
φν(x, z, ω) =
ψν(x, z)
ω − ωe + O(1) as ω → ωe, (27)
then from (25) there is a singularity in the complex force coefficient qµν , corresponding
to that in φν , with
qµν(ω) =
q (−1)µν
ω − ωe + O(1) as ω → ωe (28)
unless the forcing is orthogonal to ψν so that∫∫
Γ
ψν(x, z)nµ dS = 0. (29)
Here q (−1)µν is independent of ω. In the limit  → 0 at least, q (−1)µµ must be real
and negative to ensure that the corresponding damping coefficient is non-negative
(Newman 1999; McIver 2003) and hence ψµ must also be real as  → 0. Similarly,
a pole in the scattering potential φS will in general give corresponding poles in the
exciting forces defined through (24).
The occurrence of sloshing resonances is illustrated numerically in figures 1–5 for a
two-dimensional geometry consisting of a pair of closely spaced half-immersed circular
cylinders each of radius 0.28h and with centres at x =±0.31h (the forced vertical
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Figure 1. Non-dimensional hydrodynamic coefficients for two heaving half-immersed
cylinders: added mass a00/(ρh
2) (——) and damping b00/(ρωh
2) (– – –).
oscillations of this structure and the estimation of the location of a pole are discussed
by McIver et al. 2003). The time-domain results presented here were obtained by the
method described by McIver et al. (2003) and the two-dimensional frequency-domain
results by a standard boundary-integral code. Unless otherwise stated, in these results
times are scaled by T =
√
h/g and a non-dimensional frequency Ω =ω
√
h/g is used.
The heave added-mass and damping coefficients are shown in figure 1 and the rapid
changes in these coefficients associated with a pole at Ω ≈ 2.17 − 0.012i are clearly
seen. The observed behaviours of the added mass and damping follow immedia-
tely from the real and imaginary parts of (28) provided that q (−1)00 is real and negative.
There are additional sloshing resonances at higher frequencies but these are not
shown.
When the structure described above is forced to oscillate at a specified frequency,
then the fluid motion in the time domain reflects both the forcing and the sloshing
resonances. The Fourier transform v0(ω) of the forcing velocity has a pole on the
real-ω-axis at the forcing frequency and hence, from (18), there is corresponding pole
in the velocity potential φ and so by (13) there is a persistent fluid oscillation at this
frequency. In addition, decaying fluid oscillations will be excited at each frequency
corresponding to a sloshing resonance. For a forcing frequency Ω =π/2≈ 1.57,
the free-surface motion midway between the cylinders is dominated by frequencies
corresponding to the forcing frequency and the lowest sloshing resonance at Ω ≈ 2.17
leading to the ‘beats’ shown in figure 2. As t → ∞ the fluid motion becomes a pure
oscillation at the forcing frequency (the ‘principle of limiting amplitude’). The discrete
Fourier transform of the time signal given in figure 2 is shown in figure 3 and this
confirms that the oscillation frequencies are indeed as argued above. Here |un| is
N−1/2 times the amplitude of the Fourier component with index n, where N is the
number of samples in the signal, and the index n is related to the non-dimensional
frequency through
Ω =
(n − 1)2πT
Nt
(30)
where t =0.005T is the sampling interval.
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Figure 2. Two fixed half-immersed cylinders forced to oscillate at frequency Ω = π/2:
free-surface elevation η at the mid-point of the internal free surface.
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Figure 3. Discrete Fourier transform of the free-surface elevation given in figure 2.
In general, each pole in the radiation potential has a corresponding pole in the
scattering potential (an exception is the case  =0) that leads, for example, to a pole
in the frequency-domain exciting force and hence rapid changes in this force as the
real frequency varies through values close to the pole location. In the time domain a
pole in the scattering potential is associated with the excitation of fluid oscillations
by wave incidence on a fixed structure and this is illustrated in figure 4. The pair of
fixed cylinders is subject to an incident Gaussian wave packet with surface elevation
η(x, t) =
1√
2πs
∫ ∞
−∞
cos
[
k(x − x0) − (k tanh kh)1/2t] exp[−(k − k0)2/(2s2)] dk. (31)
For the particular computations of figure 4 the standard deviation s =1/h and the
mean wavenumber k0 = 4/h (this corresponds to peak frequency Ω =2.00); the offset
x0 is chosen so that initially there is negligible fluid motion in the vicinity of the
structure. As the wave packet is scattered by the structure it excites a fluid oscillation
between the cylinders and, as expected from (13), the oscillation dies away after the
wave has passed. The discrete Fourier transform of the time signal given in figure 4
(extended to time t =200T ) is shown in figure 5 and this confirms that the oscillation
frequency is consistent with the position of the pole in the frequency domain.
As demonstrated above, for  	=0, fluid oscillations in the time domain described
by (13) can arise from forced oscillations of the structure or from wave incidence
on the fixed structure. In the special case  =0, corresponding to a trapped mode of
frequency ωr, the situation is more complicated and the excitation of both steady and
growing oscillations of the fluid by the forced oscillations of the structure is possible
(McIver et al. 2003). However, a trapped mode cannot be excited by wave incidence
on a fixed structure (McIver 1997) and hence there is no pole in the scattering
potential φS for  =0.
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Figure 4. Two fixed half-immersed cylinders subject to an incident wave: free-surface
elevation η at the mid-point of the internal free surface.
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Figure 5. Discrete Fourier transform of the free-surface elevation given in figure 4.
The second complex resonance to be discussed, referred to here as a motion
resonance, is associated with the motion of the structure and corresponds to a pole
of the velocity vµ, for some µ, given by the solution of (23). For the special case of
motions constrained to mode µ only the location of a pole in the complex-ω-plane is
a solution of
cµµ − ω2[M + qµµ(ω) + iγµµ/ω] = 0. (32)
For real ω the peak response is in the vicinity of a solution for ω of the real part
of this equation provided that the pole is close to the real-ω-axis. In the absence of
a sloshing resonance (that is a pole in qµµ), there can only be a motion resonance
for surge if the structure is moored, although heave resonance without moorings is
possible because of the hydrostatic term in c00. These types of resonance are well
known to offshore engineers and a discussion is given, for example, by Faltinsen
(1990, p. 68). In the presence of a sloshing resonance, a motion resonance (that is
a solution of (32)) is possible in the absence of moorings for both heave and surge
(Newman 1977, § 6). The two types of resonance cannot occur at the same complex
frequency.
Motion resonances may occur in the absence of the sloshing resonances that are a
feature of structures that enclose a portion of the free surface. This enclosure may be
complete, as in the numerical examples above, or partial, as for a twin-hulled vessel.
For a floating structure that does enclose a portion of free surface both types of
resonance can occur and there will be a mutual influence through the terms in (18).
In the following two sections the interactions between the two types of resonance are
examined in detail. In § 6, the free motion of a structure in the absence of incident
waves (so that φS = 0) will be discussed, and this will be followed in § 7 by an
investigation of the motion excited by waves incident upon a structure that is free to
move.
Resonances in the water-wave problem for a floating structure 433
6. Motion in the absence of incident waves
Here it is assumed that there is no applied force, so that fµ =0, and that there
are no incident waves, so that the scattering potential φS = 0 and the exciting force
Xµ =0. Motion in the time domain may be initiated, for example, by displacing the
structure from its equilibrium position, allowing the fluid to settle, and then releasing
the structure from rest. The dominant terms in the frequency-domain equations of
motion (23) arise because of the poles in each qµν and this leads immediately to a set
of homogeneous equations for the leading-order velocities. Excluding the pathological
case when the coefficient matrix is singular, this gives
vµ(ω) = O(ω − ωe) as ω → ωe (33)
and hence from (18) and (27)
φ(x, z, ω) =
∑
µ
vµ(ω)φµ(x, z, ω) = O(1) as ω → ωe (34)
so that is there is no pole in φ. In other words, a sloshing resonance in φµ is annulled
by a corresponding zero in vµ(ω) and both the fluid and structural motions will be
dominated by any motion resonances.
7. Motion excited by incident waves
In this section incident waves are included so that it is necessary to consider the
full form (18) for the velocity potential. First of all an abstract argument is outlined
to highlight the main results. This is followed by direct calculations (in both two and
three dimensions) using various reciprocity relations that show directly how sloshing
resonances that appear in the scattering and radiation potentials can be cancelled
and hence not appear in the solution to a coupled problem.
7.1. General formulation
Here a discussion of sloshing and motion resonances is given in an abstract setting.
Outline arguments without formal justification are given; for more detailed definitions
and properties of some of the operators involved see Hazard & Lenoir (1993).
In this subsection ϕ denotes the frequency-domain potential with the incident
wave extracted (thus φ =ϕ + φI, where φI is the potential of the incident wave). The
boundary-value problem for ϕ reduces to the boundary integral equation (Linton &
McIver 2001, § 4.2)
1
2
ϕ(p;ω) =
∫∫
Γ
(
ϕ(q;ω)
∂G
∂nq
(p, q;ω) − G(p, q;ω)g(q)
)
dsq, p ∈ Γ, (35)
where G(P,Q;ω) is the standard Green’s function for the water-wave problem with
field point P and source point Q, lower-case letters denote points on Γ , and g is
the Neumann boundary data specified on Γ . For a structure moving in response to
incident waves
g = v · n + gI, (36)
where v=(v0, v1), n =(n0, n1), and gI =−∂φI/∂n. With ϕ(p;ω) determined for p ∈
Γ , the solution for a point P within the fluid domain is given by the integral
representation
ϕ(P ;ω) =
∫∫
Γ
(
ϕ(q;ω)
∂G
∂nq
(P, q;ω) − G(P, q;ω)g(q)
)
dsq. (37)
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Equations (35) and (37) may be used to define the solution operator Rω that maps
boundary data specified on the structural surface Γ to the solution ϕ (this operator
is discussed in detail by Hazard & Lenoir 1993, where it is denoted by Rν with
ν =ω2/g) so that
ϕ = Rω(v · n + gI). (38)
Note that the radiation potential φµ =Rωnµ, and that RωgI is the scattering potential
φS with the incident wave extracted.
For a surface-piercing structure, the integral equation (35) is not uniquely solvable
for so-called irregular values of ω that correspond to non-trivial solutions of an
interior Dirichlet problem (see Linton & McIver 2001, § 4.5). However, as this Dirichlet
problem can be formulated in terms of a self-adjoint operator the irregular values of
ω are necessarily real and hence do not lead to difficulties in the extension of Rω into
the lower half of the complex-ω-plane that is described below. There are alternative
integral-equation formulations that are free of irregular values (see, for example, Lee,
Newman & Zhu 1996).
The extension to complex ω of the operator Rω follows from the evaluation of the
Green’s function at complex frequencies. If for some boundary data g and complex
frequency ωe
ϕ = Rωg ∼ ψe
ω − ωe as ω → ωe, (39)
then examination of the limit ω →ωe in (35) gives
1
2
ψe(p) =
∫∫
Γ
ψe(q)
∂G
∂nq
(p, q;ωe) dsq, p ∈ Γ. (40)
Thus sloshing resonances, that is the poles of the solution operator Rω, are associated
with the eigensolutions of the homogeneous boundary-value problem. Note that as
all poles are assumed to be simple there is only a single eigenfunction associated with
a complex resonance at ω=ωe.
The equations of motion (22) may be rewritten as
Dv = P(ϕ + φI) + u (41)
where, for suitable ϕ, Pϕ has components
[Pϕ]µ = ω2ρ
∫∫
Γ
ϕ nµ dS, µ = 0, 1, (42)
the matrix D has components
Dµν = cµν − iωγµν − ω2Mδµν, (43)
and the vector u has components
uµ = −iω[fµ(ω) + Mx˙µ(0)] −
∑
ν
cµνxν(0). (44)
The alternative form (23) of the equations of motion may be written as
(D − ω2Q)v = −iωX + u (45)
where Q is the matrix whose components are the complex force coefficients qµν(ω),
and X is the vector whose components are the exciting forces Xµ(ω). Solutions of
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(45) for v do not exist for those complex frequencies ω that are solutions of
det(D − ω2Q) = 0 (46)
and such frequencies are the motion resonances for the problem.
Elimination of v from (38) and (41) gives
Bωϕ ≡ ϕ − Rω(n · (D−1 Pϕ)) = Rω(n · (D−1(PφI + u)) + gI). (47)
It is straightforward to verify by substitution that ϕ =
∑
µvµφµ is a solution of
Bωϕ = 0, (48)
and hence an eigenfunction of Bω, provided that v is a non-trivial solution of
(D − ω2Q)v = 0 (49)
and ω is a solution of (46). Thus any poles in v will also appear in the solution to
the coupled problem (47), and the corresponding eigenfunction is a coupled motion
of the fluid and structure.
As noted above, sloshing resonances are associated with the poles of the operator
Rω that appears on both sides of (47). The main aim here is to ascertain whether or
not a sloshing resonance in one or more of the scattering and radiation potentials is
preserved in the solution ϕ to the coupled problem. In the remainder of this section it
will be assumed that there is no forcing, so that there are no poles in u, and that D−1
exists for any frequency under consideration (it is possible that detD=0 at a given
complex frequency ω as long as the mooring characteristics have ‘special’ values).
Consideration is now given to Bωϕ =Rωg under the assumption that Rωg has a
simple pole at ω=ωe that is associated with RωgI and/or at least one of the Rωnµ.
Consistency in equation (47) is obtained if there is a simple pole in Bωϕ at ω=ωe
that might arise from ϕ directly and/or from Rω(n · (D−1 Pϕ)). As noted above, a
pole in any potential at ω=ωe corresponds to the existence of an eigenfunction ψe.
If a radiation potential φµ exists at ω=ωe, then an application of Green’s theorem
to φµ and ψe yields [Pψe]µ =0 (in other words the last condition is necessary for the
existence of φµ).
The following three cases cover all combinations of poles that are consistent with
the assumptions given above.
(a) If the potential ϕ and at least one of the radiation potentials φµ =Rωnµ
have a pole at ω=ωe then, in general, there is a double pole in Bωϕ arising from
Rω(n · (D−1 Pψe/(ω − ωe))) and this is inconsistent with the initial assumption of a
simple pole in Rωg. However, if
n · D−1 Pψe = 0 (50)
then Bωϕ has only a simple pole and the combination of poles provides consistency.
The normal vector n varies around the structure while, at a particular frequency,
D−1 Pψe is constant and hence (50) can be satisfied only if D−1 Pψe = 0. For a case
in which φν exists, so that [Pψe]ν =0, consistency can be obtained by choosing the
mooring characteristics to ensure that [D−1 Pψe]µ =0, µ 	= ν. When consistency is
obtained the scattering potential φS may or may not have a pole.
For Pψe 	= 0, the condition D−1 Pψe = 0 can be satisfied if detD−1 = 0 at ω=ωe and
this can be achieved at all frequencies by letting the mooring stiffness and damping
tend to infinity for one mode of motion. For example, letting c11 and γ11 tend to
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infinity in D−1 gives
D−1 =
(
(c00 − iωγ00 − ω2M)−1 0
0 0
)
(51)
which has the effect of constraining the motion to mode 0 (clearly the equations of
motion then need some rewriting as it no longer makes sense to use D=(D−1)−1).
Thus, if there is a pole in the surge potential φ1, with φ1 ∼ ψe/(ω − ωe) as ω →ωe,
and the heave potential φ0 exists, so that [Pψe]0 = 0, then this form for D−1 ensures
that D−1 Pψe = 0. However, as the structure is constrained to move in heave, v1 = 0
and the pole in φ1 will not influence the potential ϕ for the coupled problem. In this
situation there will be a pole at ω=ωe in the scattering potential φS.
(b) If the potential ϕ has a simple pole at ω=ωe and both of the radiation
potentials φµ =Rωnµ exist for ω=ωe, then Bωϕ has a simple pole at ω=ωe that
arises directly from ϕ and consistency is obtained (there is no pole arising from
Rω(n · (D−1 Pψe/(ω−ωe))) as the existence of the radiation potentials implies Pψe = 0).
The pole in ϕ arises from the scattering potential φS.
The existence of both radiation potentials means that the eigenfunction associated
with the pole in ϕ is orthogonal to the forcing imposed by heave and surge oscillations,
but the forcing from the scattering potential must excite the eigenfunction. The author
is not aware of a structural geometry which displays these characteristics.
(c) If, at ω=ωe, ϕ exists and at least one of the radiation potentials φµ has a
simple pole then Bωϕ has a simple pole at ω=ωe arising from Rω(n · (D−1 Pϕ)) and
consistency is obtained. In this situation the scattering potential φS may or may not
have a pole. (It is assumed here that D−1 Pϕ 	= 0, that is the potential ϕ induces a
non-zero structural velocity. If ϕ exists and D−1 Pϕ = 0 at ω=ωe, then equation (47)
yields consistency only if each of the scattering and radiation potentials has no pole
at ω=ωe.)
Thus, a pole in the radiation potential for a mode in which the structure is free to
move gives no corresponding pole in the potential for the coupled problem. (This
includes free motion constrained to a single mode and is in contrast to the example
in case (a) above where the pole occurs in the radiation potential for the mode in
which there is no motion.) When there are corresponding poles in the scattering
and radiation potentials there is cancellation in the coupled potential ϕ; explicit
demonstrations of this cancellation are given in § § 7.2 and 7.3.
The cases discussed under items (a) and (b) above in which consistency is obtained
mostly require very special conditions. The exception is that noted in (a) in which the
motion is constrained to be in a single mode. The ‘usual’ case is that described under
item (c). Whenever consistency is obtained, it follows from either (41) or (45) that the
velocity v has no pole at ω=ωe. Another apparent possibility, namely that ϕ and all
of the radiation potentials exist at ω=ωe, so that the pole in Rωg arises from RωgI,
gives no pole in Bωϕ and this is inconsistent with the initial assumptions.
It should be noted that the form of equation (47) is unaltered when the structure
is free to move in all translational and rotational modes. Thus, in particular, the
situation described above in item (c) will hold and sloshing resonances will not
appear in the potential for the coupled problem.
7.2. Two dimensions
Attention is now turned to explicit calculations, based on reciprocal relations, for
case (c) of § 7.1 in which one or both of the radiation potentials has a pole and
the special circumstances mentioned under case (a) do not arise. Consideration is
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first given to two-dimensional situations for which the y-coordinate is suppressed. In
the frequency-domain scattering problem, a wave of amplitude A and frequency ω is
incident from large negative x with potential
φI =
−igA
ω cosh kh
eikx cosh k(z + h) (52)
where the wavenumber k is the solution of the dispersion relation
ω2 = gk tanh kh. (53)
The scattering potential φS(x, z, ω) contains this incident wave as well as the wave field
generated by scattering from the fixed structure. The radiation potentials φµ(x, z, ω),
µ=0, 1, corresponding to forced oscillations of the structure with frequency ω have
the asymptotic form
φµ ∼ A±µ (ω)e±ikx cosh k(z + h)cosh kh as x → ±∞ (54)
and it will be assumed that the complex amplitudes A±µ inherit the pole structure of
φµ so that
A±µ (ω) ∼
α±µ
ω − ωe as ω → ωe, (55)
where α±µ are complex constants (there is substantial numerical evidence to support
this assumption because of the link between the far-field waves and the damping
coefficient). McIver (1996a) shows that the scattering potential can be expressed in
terms of the radiation potentials as
φS =
−igA
ωD
[A+1 (φ0 − φ0) − A+0 (φ1 − φ1)] (56)
where
D = A+0 A
−
1 − A−0 A+1 (57)
(note that McIver uses a different scaling for the scattering potential and a different
numbering system for the oscillation modes).
Each radiation potential φµ can be expressed as the Fourier transform of a time-
domain potential (cf. equation (9)) and it follows that for real frequencies φµ(x, z, ω)=
φµ(x, z,−ω) and this relation can then be used to extend φµ(x, z, ω), and hence A±µ (ω),
into the lower half of the complex-ω-plane. As φµ(x, z, ω) is analytic for Imω > 0,
φµ(x, z, ω) and A
±
µ (ω) are analytic for Imω < 0. Thus, all quantities in equation (56)
are analytic functions of ω in any neighbourhood W of the real frequency axis for
which φµ is free of singularities and hence (56) also holds throughout W.
Consider the case when there is a pole in both radiation potentials at ω=ωe (a
pole in only one radiation potential can be treated by a simplified argument). From
established reciprocity relations for the water-wave problem (see, for example, Chapter
1 of Linton & McIver 2001) the exciting force
Xµ(ω) = −2iωρcgAA−µ (ω) ∼
−2iωeρcgAα−µ
ω − ωe as ω → ωe (58)
and, for real frequencies, the damping coefficient
bµν(ω) =
ρω2cg
g
(A−µ (ω)A−ν (ω) + A
+
µ (ω)A
+
ν (ω)). (59)
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Here cg is the group velocity which is a function of frequency. In the limit ω →ωe, cg
is evaluated at ω=ωe although this will not be stated explicitly. For real frequencies
bµν(ω) =
ω
2i
(qµν(ω) − qµν(ω)) (60)
and this can be used to extend (59) into the lower half of the complex-ω-plane in a
similar way to that described above for equation (56). As ω →ωe the behaviour of
qµν is given by (28) and qµν is analytic and so, after equating the residues at the pole,
equation (59) yields
q (−1)µν =
2iρwecg
g
(α−µA−ν (ωe) + α
+
µA
+
ν (ωe)). (61)
As ω →ωe, the dominant terms in the equations of motion (23) arise from the poles
in the exciting forces Xµ and the complex force coefficients qµν , and a simplified set
of equations for the vµ is readily obtained. Under the assumption that the coefficient
matrix is non-singular, solution of these equations and substitution from above gives
v0 ∼ igA
ωe
A+1 (ωe)
D(ωe)
and v1 ∼ − igA
ωe
A+0 (ωe)
D(ωe)
as ω → ωe. (62)
From the pole structures in equations (27) and (55) for the radiation potentials and
their far-field forms, (56) yields
φS(x, z, ω) ∼ −igA
ωe D(ωe)
(
A+1 (ωe)ψ0(x, z) − A+0 (ωe)ψ1(x, z)
ω − ωe
)
as ω → ωe (63)
and it then follows immediately from (18) that the poles in φS and the radiation
potentials cancel and that the resonance is annulled.
7.3. Three dimensions
Here three-dimensional structures are considered, but with attention restricted to those
structures that have a vertical axis of symmetry, and results similar to those given
in § 7.2 are obtained. For this situation it is convenient to employ cylindrical polar
coordinates (r, θ, z) where r and θ are related to x and y in the standard way. The
incident wave (52) may be expressed in terms of polar coordinates using the identity
eikx =
∞∑
µ=0
εµi
µJµ(kr) cosµθ (64)
(Abramowitz & Stegun 1964, § 9.1) where Jµ is a Bessel function of order µ, ε0 = 1,
and εµ =2 for µ  1. It follows from the asymptotic form of the Bessel functions that
φI ∼ −igA cosh k(z+h)
2ω cosh kh
(
2
πkr
)1/2 ∞∑
µ=0
εµ
[
ei(kr−π/4) + (−1)µe−i(kr−π/4)] cosµθ as r → ∞.
(65)
The last expression contains both incoming and outgoing waves; the incoming com-
ponents are the only such waves that appear in the scattering potential φS.
To obtain the three-dimensional equivalent of the relation (56) between scattering
and radiation potentials, it is necessary to introduce the sequence of radiation poten-
tials φµ, µ=0, 1, 2, . . . , that satisfy
∂φµ
∂n
= Nµ on Γ
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where Nµ ∝ cosµθ and is real valued; specifically, N0 ≡ n0 and N1 ≡ n1 (explicit
forms for Nµ, µ  2, are not needed here). In the far field the radiated field satisfies
φµ ∼ Aµ(ω)
(
2
πkr
)1/2
eikr−iπ/4 cosµθ cosh k(z + h)
cosh kh
as r → ∞. (66)
By construction the form
ψ =
∞∑
µ=0
Bµ(φµ − φµ) (67)
has zero normal derivative on Γ and
ψ ∼ cosh k(z + h)
cosh kh
(
2
πkr
)1/2 ∞∑
µ=0
Bµ
[
Aµe
i(kr−π/4) − Aµe−i(kr−π/4)] cosµθ as r → ∞.
(68)
By matching the incoming waves in ψ to those in φS, both of these potentials are
forced to satisfy the same boundary value problem and hence, under the assumption
that the solution for φS is unique at the particular frequency,
φS =
igA
2ω
∞∑
µ=0
εµ(−1)µ
Aµ
(φµ − φµ). (69)
The argument now proceeds in a similar way to the two-dimensional case. Suppose
that there is a pole in φµ at ω=ωe, where µ takes the value of either zero or one,
and that there are no coincident poles in any other φµ (this is a consequence of the
assumed axisymmetry). Thus in the limit ω →ωe
φµ(x, z, ω) ∼ ψµ(x, z)
ω − ωe (70)
and the far-field amplitude coefficient
Aµ(ω) ∼ αµ
ω − ωe . (71)
Equation (69) can be extended into the complex plane as described in § 7.2 for
equation (56); it then follows from (70) that
φS(x, z, ω) ∼ igAεµ(−1)
µ
2ωe Aµ(ωe)
ψµ(x, z)
(ω − ωe) as ω → ωe. (72)
Reciprocity relations (Linton & McIver 2001, Chapter 1) yield
Xµ(ω) =
−4iωρcgA(−1)µAµ(ω)
k
∼ −4iωρcgA(−1)
µαµ
k(ω − ωe) as ω → ωe (73)
and, for real frequencies,
bµµ(ω) =
4ρω2cgAµ(ω)Aµ(ω)
gkεµ
. (74)
This last result can be extended into the complex frequency plane by a similar
argument to that following equation (60), and then comparison with (28) yields
q (−1)µµ =
8iρωecgαµ Aµ(ωe)
gkεµ
. (75)
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Figure 6. Release from rest of two freely floating half-immersed cylinders: free-surface
elevation η at the mid-point of the internal free surface (– – –) and displacement x0 of
the structure (——).
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Figure 7. Discrete Fourier transform of the free-surface elevation given in figure 6.
Finally, because of the pole structure in the hydrodynamic coefficients, the dominant
terms in the equation of motion give
vµ(ω) ∼ gA(−1)
µεµ
2iωe Aµ(ωe)
as ω → ωe (76)
and it is then a simple calculation to show from (18) that the pole in φ(x, z, ω) is
annulled.
8. Discussion
The decomposition of the fluid velocity potential into scattering and radiation
potentials is commonly used in the description of the motion of a floating structure
by the linearized theory of water waves. When the shape of the structure restricts the
motion of a portion of the free surface, sloshing resonances appear in the scattering
and radiation potentials. It has been demonstrated here that sloshing resonances do
not, in general, appear in the solutions to coupled problems that arise when the
structure is free to move. The solution will be dominated by motion resonances that
arise from the components of the structural velocity. In practice, a motion resonance
often occurs at a frequency close to each sloshing resonance so that the phenomenon
described here is observed as a small shift of the resonance frequency when going
from, say, a radiation problem to a coupled problem. Similar shifts in resonant
frequency may be observed in simple mechanical systems.
In § 6 a simple argument was used to show the absence of sloshing resonances for
motion in the absence of incident waves. This result is illustrated here using numerical
simulations in the timedomain for the same structure discussed in § 5. The structure
is constrained to move in heave and is not moored. As noted before there is a pole
in the radiation potential corresponding to a sloshing resonance at Ω =2.17− 0.012i,
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Figure 8. Two freely floating half-immersed cylinders subject to an incident wave: free-surface
elevation η at the mid-point of the internal free surface (– – –) and displacement x0 of the
structure (——).
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Figure 9. Discrete Fourier transform of the free-surface elevation given in figure 8.
while solution of the real part of (32) reveals that there is a motion resonance at
about Ω =2.50. Figures 6 and 7 correspond to the free motion of the structure that
results from the initial conditions x0(0)= 1, x˙0(0)= 0 so that the structure is displaced
and released from rest. Figure 6 shows the free-surface elevation η at the mid-point of
the internal free surface and the structural displacement x0 as functions of time. After
about time t =15 both motions have settled to a decaying oscillation that appears to be
dominated by a single frequency. This is confirmed by figure 7 which shows the discrete
Fourier transform of the free-surface elevation shown in figure 6 (extended to time t =
200T ). The peak response is at the motion resonance while there is no discernible
effect of the sloshing resonance, as is to be expected from the discussion above.
In § 7, the annullment of sloshing resonances for a freely floating structure in
incident waves was described and this is first illustrated in figures 8 and 9 with
calculations in the time domain. The structure is again the two half-immersed cylinders
described in § 5, that exhibits a sloshing resonance for Ω ≈ 2.17, and the incident wave
is that used for the results of figures 4 and 5. The structure is constrained to move
in heave only and there are no moorings. Figure 8 shows the excitation of the free
surface and of the structure caused by the passage of the wave packet, followed
by decaying oscillations of a single frequency. The Fourier transform of the motion
shown in figure 9 shows that the oscillation is at the frequency Ω ≈ 2.51 of the motion
resonance and that there is no discernible effect of the sloshing resonance (to better
reveal the motion obtained after the passage of the wave packet, figure 9 uses the
time signal for 50  t/T  200).
Complex resonances in the infinite-depth three-dimensional problem are illustrated
in figure 10 for a half-immersed circular torus with free-surface intersection given
by an annulus of outer radius d and inner radius 0.2d . The calculations are in the
frequency domain and were performed with version 5.4 of the radiation-diffraction
panel code WAMIT. In figure 10(a) the submerged surface of the torus is modelled
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Figure 10. Half-immersed torus: amplitude |η| of the free-surface elevation at the centre of the
internal free surface vs. frequency parameter Kd for (a) a fixed torus, and (b) a freely-floating
torus.
by 4096 panels and in figure 10(b) further results are shown for 1024 panels (in both
cases, additional panels within the waterplane area were used to remove irregular
frequencies). Each part of the figure shows the magnitude of the free-surface elevation
at the centre of the internal free surface as a function of the frequency parameter
K =ω2/g. In figure 10(a) the torus is held fixed in incident waves and the spike for
Kd ≈ 2.94 arises from a pole in the scattering potential φS. In figure 10(b) the torus is
free to respond in heave to the incident waves so that there are contributions to the
motion from both the scattering potential and the radiation potential. There is now
a motion resonance at Kd ≈ 3.39, but some effects of the sloshing resonance remain
because numerical errors prevent perfect cancellation between the contributions from
the scattering and radiation problems. As the discretization of the structure is refined
the kink in the curve arising from the sloshing resonances is reduced.
For this toroidal geometry there is a sloshing resonance in both the surge radiation
potential and the scattering potential at Kd ≈ 9.82. For the problem discussed in
the previous paragraph for which the structure is constrained to move in heave, the
resonance in the surge potential does not influence the coupled-motion problem as
the surge component of the velocity is zero. However, for example, the horizontal
component of the hydrodynamic force on the heaving structure displays a resonance
at Kd ≈ 9.82 as a result of the resonance in the scattering potential.
The following interpretation of the above results was suggested by J. N. Newman
(private communication). For a sloshing resonance whose complex frequency is a small
distance  from the real frequency axis, the exciting force and damping coefficient
are large, respectively O(−1/2) and O(−1), but from the equation of motion the
velocity of the structure is O(1/2). Thus, because of the large damping, only small
structural motions are excited despite the large exciting force due to the incident
wave. However, there is a direct connection between large fluid motions and large
hydrodynamic pressure forces on the structure. As the motion of the structure is
small, there cannot be a large net hydrodynamic force on the structure and hence
there can be no large fluid motions associated with a sloshing resonance when the
structure is free to move.
Trapped modes correspond to the limiting case  =0 so that the pole in a radiation
potential that corresponds to a resonance is located on the real-ω-axis. The fixed
structure is then able to support free oscillations of the fluid with finite energy. In
this case it is known that the scattering potential φS exists at any real frequency ωr
corresponding to a pole in a radiation potential (McIver 1997). It follows that the
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exciting force also has no pole and an identical argument to that given in § 6 then
shows that each pole in a radiation problem is annulled by a corresponding zero in
the velocity. Hence a trapped mode cannot be excited by any free motion of a floating
structure with, or without, incident waves. This statement is not contradicted by the
results on the excitation of trapped modes given by McIver et al. (2003) because the
situations described there involve the prescription of a structural velocity x˙µ(t) that
is equivalent to the application of an external force Fµ(t) whose Fourier transform
fµ(ω) has a pole at the trapped-mode frequency ω=ωr. With such a pole in fµ,
equation (23) gives vµ(ω)=O(1) as ω →ωr and consequently the pole in φµ at ω=ωr
is not annulled and the trapped mode is excited.
The author is grateful to C. M. Linton, P.A. Martin, and M. McIver for their
comments on a draft of this paper.
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